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1 Introduction 



This paper deals with a correspondence between a hyperkahler manifold M with a circle 
action which preserves just one complex structure I and a quaternionic Kahler manifold 
M of the same dimension with a circle action. Its origins lie in the physicist's c-map 
construction but a mathematical theorem in the language of differential geometry was given 
by A.Haydys [10J. Our aim here is to describe this from the viewpoint of twistor theory. The 
twistor space of a hyperkahler manifold is a holomorphic fibration of complex symplectic 
manifolds over the projective line, and the twistor space of a quaternionic Kahler manifold 
is a holomorphic contact manifold. Several natural constructions in this area, such as 
quotients, are more transparent when seen in twistor terms and this is also the case here. 

The correspondence is in some ways not symmetrical. To pass from the quaternionic Kahler 
side to the hyperkahler side, one may simply take the hyperkahler quotient of the Swann 
bundle by the lifted circle action. However, to go in the other direction involves the in- 
troduction of a natural hyperholomorphic line bundle on the hyperkahler manifold. Most 
of the paper will actually be concerned with this new feature, one which is particularly 
interesting when considering the hyperkahler moduli spaces of gauge-theoretic equations. 
Given the line bundle, the correspondence consists of lifting the geometric circle action on 
the hyperkahler manifold M to its principal [/(l)-bundle and taking M to be the quotient 
manifold. Then U(l) induces a geometrical action on M. 

To describe a hyperkahler metric in twistorial terms requires two things - the twistor space 
Z itself, and a space of rational curves, sections of the fibration, called the twistor lines. In 
many cases we know the twistor space but have no analytic expression for the hyperkahler 
metric or the twistor lines. However, a hyperholomorphic line bundle on M is uniquely 
determined by a holomorphic line bundle Lz on the twistor space. One of the positive 
features about our description of it is that Lz only depends on the geometry of the twistor 
space and not on the twistor lines. Thus, in examples, we can sometimes describe it by a 
single holomorphic transition function even when the metric is not explicit. 

Haydys introduced the line bundle via its curvature form LJi+dd^fx, where ui\ is the invariant 
Kahler form and \i the moment map. In this article we first define a natural holomorphic 
line bundle on the twistor space of a hyperkahler manifold with a circle action, and then 
show that it agrees with the differential geometric construction of Haydys. The holomorphic 
description uses a Cech cohomological approach but one may interpret this by saying that 
Lz on Z — > P 1 has a meromorphic connection with poles on the fibres over and oo. The 
curvature of this connection is a closed meromorphic 2-form which restricts on each fibre 
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over P 1 \{0,oo} to a multiple of the holomorphic symplectic form. One way to view this 
is to say that the twistor space, seen as a fibration over the projective line, is a symplectic 
manifold defined over the field of functions in one variable and the line bundle is then the 
quantum line bundle over this field. 

Following the twistor construction we look at various examples including Taub-NUT space, 
the semi-flat case, the Legendre transform construction of [15], the cotangent bundle con- 
struction of [1] and monopole moduli spaces. The line bundle can in these cases be econom- 
ically defined by transition functions. The Higgs bundle moduli spaces require a different 
description: ours is in terms of determinant lines and zeta-function determinants. 

Finally we describe how to pass back and forth between the twistor spaces of the correspond- 
ing hyperkahler and quaternionic Kahler manifolds. The contact form for the quaternionic 
Kahler metric is defined in terms of the connection form for the meromorphic connection 
on Lz- 

The author wishes to thank Andrew Swann for introducing him to the subject at the 
Aarhus QGM Centre, and Simon Salamon, Martin Rocek and Stefan Vandoren for useful 
discussions. He also thanks the Simons Center for Geometry and Physics for support while 
this research was being carried out. 

2 The hyper holomorphic line bundle 

2.1 The differential geometric approach 

This is the approach of Haydys [ID]. Let M be a hyperkahler manifold of dimension 4k 
with Kahler forms U}i,u)2,&3 corresponding to complex structures /, J,K. Suppose there is 
a circle action which fixes uj\ and rotates u>2 and 0J3. 

Example: A model for this is C 2 with the flat metric and 

uj\ = — {dz Adz + dw A dw), U2 + = dz A dw. 
Then (z,w) 1— >• (z,e %e w) takes 002 + to e %e {uj2 + ^3). 

The action generates a vector field X such that 

Cx^i = 0, C x u 2 = -0J3, £xw 3 = u 2 . (1) 

Assume there is a moment map for the action on uj\ then ix^i = d/u, and, as shown in |15j . 
for any vector field Y 

Kdfi(Y) = U3%{X, KY) = g(IX, KY) = -g(KIX,Y) = -g{JX,Y) = -i x u 2 {Y), 
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from which 

dKdfi = -d(ixOJ2) = -C-XU2 = w 3 . 

For a complex structure /, the real operator d c is defined as I~ 1 dl, so on M we have three 
such operators d\ , d\,d\ and hence we can write the above as dd^fj, = —0J3 and dd\\i = —^2- 

We now have from [lUj . 

Proposition 1 u)\ + dd\n is of type (1, 1) with respect to I, J and K . 

Proof: First recall that because the Levi-Civita connection is torsion-free CxY = Vx^- 
(VX)(Y) where VJ is a section of T (g) T* = EndT. The Lie derivative on a differential 
form a is similar: Cxot = Vja — (VX)(«) where VX acts through the action of EndT on 
forms. Since M is hyper kahler, Vx acts trivially on ^1,^2,^3 and by hypothesis Cx only 
acts trivially on u\ but preserves the space spanned by these forms. We deduce that at each 
point VZ lies in the subbundle of EndT corresponding to the Lie algebra u(l) +sp(n). 

Using the metric to identify 2-forms with skew-adjoint endomorphisms of T, the subspace 
sp(n) is the space of 2-forms of type (1, 1) with respect to /, J, K and the trivial u(l) factor 
consists of multiples of the Kahler form u>i. From IX = grad/i we see that VZ G EndT 
is equivalent to dd\n G A^T*, so to prove the Proposition we must show that the u(l) 
component of dd\\i is the same as that of —uj\. If we introduce the Lefschetz operators 
Ai, A 2 , A 3 : APT* -)• A p " 2 T* this is equivalent to proving A1W1 = — Kidd^jx. 

Now Aiddlfx = — Afi where A is the Laplacian and 

2k = A\oji = A2W2 = —kidd\ii = A/i 
using dd^fJ, = — uj2- Hence A1W1 = —A.\dd\n as required. □ 

Example: Consider C 2 as above. The circle action (z, w) 1— > (z, e id w) gives the vector 
field 

X = iw— IW—-Z 

ow ow 



and the moment map 



H = —-\w\ 2 dfi = —-(wdw + wdw). 



So dd\\i = —idw A dw and 

bj\ + ddlfj, = ^ dz — dw A dw). 

Note that in four dimensions the condition on a form to be of type (1, 1) with respect to 
/, J and K is equivalent to it being anti-self-dual. 
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If the cohomology class of oj\ /2ir is integral (and hence also that of F = u\ + dd\ /x) then we 
may regard F as the curvature of a [/(l)-connection on a principal circle bundle P. If M 
is simply connected this is unique up to gauge equivalence. (Note that this is the quantum 
line bundle of the symplectic form uj\ but with Hermitian metric rescaled by e^). We need 
to lift the circle action to P. A lift of the vector field X is given by an invariant function <f> 
such that ixF = d(j). 

In our case 

ixF = dfx + ixddlfi = d[i + Lxd\n — d(ixd\[i) 

using the Cartan formula for Lie derivative of a form. But X preserves the complex structure 
/ and the moment map [i so Lxd\\x = d\{Cx^) = 0, which means that 

ixF = d(fi + ixldp). 

However ixldfi = dfi(IX) = g(IX, IX) = g(X, X) so, given /i, we have a natural choice of 
lift given by (f> = fi + g(X, X). 

To lift the circle action we require that the equivariant cohomology class [uj + u<p] should 
be integral. Any two liftings differ by a homomorphism from the circle to the U(l) acting 
on the fibres of the principal bundle. This involves changing the function cj), or equivalently 
/j, by an integer. 

A connection whose curvature is of type (1,1) with respect to I,J,K is called hyperholo- 
morphic. Since the (1,1) forms for / are precisely those 2-forms on which the Lie algebra 
action of I is trivial, to be (1,1) with respect to I,J,K implies (1,1) with respect to a 
complex structure which is a linear combination of I,J,K - any of the 2-sphere family of 
complex structures on a hyperkahler manifold. Given the integrality constraint, we have 
just produced a hyperholomorphic line bundle on M. 

Remark: There is one standard method of producing hyperholomorphic bundles and this 
is where the hyperkahler manifold is expressed as a hyperkahler quotient. Recall that if G 
acts on M preserving u>i,u>2, ^3 and we have a hyperkahler moment map fx : M — >• Q* (g) R 3 , 
then M = /x -1 (0)/G has an induced hyperkahler metric [15] . The space /i -1 (0) C M is a 
principal G-bundle over M and the induced metric from M defines horizontal subspaces to 
the tangent spaces of the G-orbits. This defines a connection which is hyperholomorphic. 

2.2 The twistor approach 

To each hyperkahler manifold M of dimension 4k one may associate its twistor space, 
a complex manifold Z of (complex) dimension 2k + 1. Differentiably it is the product 
M x S 2 but with complex structure at (m,x) defined by where / is the standard 

complex structure on S 2 = P 1 and I x = x\I + X2J + X3K, x = (xi, X2, X3) € S 2 . A 
hyperholomorphic connection has curvature of type (1, 1) with respect to all J x and it 
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follows that the connection on M pulled back to the product M x S 2 defines a holomorphic 
structure on the bundle. To interpret the hyperholomorphic line bundle of the previous 
section in twistorial terms we are therefore seeking a holomorphic line bundle Lz on its 
twistor space. If it is trivial on each twistor line this is also sufficient, by the hyperkahler 
version of the Atiyah-Ward correspondence. 

As a complex manifold, the twistor space has the following features [15] : 

• a holomorphic projection 7r : Z — > P 1 

• a holomorphic section u) of A 2 T£(2) (where Tp is the tangent bundle along the fibres 
and the (2) denotes the tensor product with 7r*C(2)) such that ui defines a holomorphic 
symplectic form in each fibre 

• a real structure preserving this data and inducing the antipodal map on P 1 . 

We shall produce, using Cech cocycles, a holomorphic line bundle on Z from the data of 
the circle action and then in the next section show that it coincides with the bundle defined 
by the procedure of Section 12.11 

It is useful to suppress for the moment the integrality condition on uji/2-k. There is still 
a geometric way to phrase this, which is useful in the holomorphic context. If P is a 
holomorphic principal C*-bundle over a complex manifold X then TP/C* is a bundle on X 
whose local sections are the invariant vector fields on P. More generally a bundle E which 
is an extension 

->■ O -> E ^ T ^ 

with a Lie bracket operation compatible with the projection to T is called a Lie algebroid. 
With respect to local trivializations it is defined by a 1-cocycle of closed 1-forms. The exact 
cohomology sequence of the sequence of sheaves — > C — >• O — > dO — > associates to 
each such 1-cocycle a class in H 2 (X, C) which is the characteristic class of the algebroid. If 
this lies in H 2 (X, 27riZ) then we can replace this with a cocycle of the form g^ydguv f° r 
the transition functions guv of a principal C*-bundle and then the Lie algebroid is TP/C* 
(usually called an Atiyah algebroid). Although we are looking for a holomorphic line bundle 
on the twistor space Z, it is more convenient to seek a holomorphic Lie algebroid first and 
then discuss the integrality condition later. 

Proposition 2 On each fibre of the twistor space Z of a hyperkahler manifold there exists 
a natural holomorphic Lie algebroid. 

Proof: The twistor space it : Z — > P 1 is covered by open sets {U, V, . . . } where each set 
is the product of an open set in C 2k and an open set in P 1 , with affine parameter £. With 
respect to the product structure, the local vector field d/dC, on P 1 lifts to a unique vector 
field Zjj on U. On the intersection of two such open sets U, V we have Zy — Zy = Xjjy, 
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which is a vector field along the fibres of fl K C Z ^ P 1 . Invariantly speaking d/dC, is a 
local trivialization of the tangent bundle of P 1 which is isomorphic to 0(2) and then Xjjv 
is a 1-cocycle with values in Tp{— 2). It defines the cotangent bundle of Z as an extension: 

-> 0(-2) -> T| -> T£ -> 0. 

Now take w, which is a section A 2 T£(2), and form the cocycle = ix uv u £ Ij?- This 
defines an extension 

O->0^-.E->-T J r-»O. 

This extension is defined by a cocycle of 1-forms but for a Lie algebroid we need closed forms, 
which means choosing Z\j more carefully. This local vector field projects to one on P 1 and 
so when integrated takes fibres to fibres. It also acts on the tangent bundle 0(2) and so we 
have a Lie derivative action on A 2 T F (2). We ask that Cz v u = 0. This is possible because 
by Darboux' s theorem locally Z is a product of a symplectic manifold and an open set in 
C. With this choice we see that Cx uv co = 0, so on a fixed fibre dix uv w = ddyy = O.This 
cocycle defines the Lie algebroid structure on E for each fibre £ = const. □ 

The existence of the hyperholomorphic line bundle requires also an S^-action on M . This 
extends naturally to Z preserving the holomorphic structure and therefore defines a holo- 
morphic vector field Y on Z. The original action induced a rotation on the 2-sphere of 
complex structures, leaving fixed two points which we may assume are £ = and £ = oo. 
Then the vector field Y projects to the vector field iQd/dQ on P , and the section u of 
A 2 T F (2) is invariant. Invariance again means that Y preserves the fibration and the line 
bundle 0(2) on the quotient, and so there is a natural Lie derivative. Thus, regarding Zy 
as a section of Tz{— 2), we have CyZu = Wjj where Wjj is a local section of Tp(— 2) and 
CyXuv = Wy — Wfj. Note that if U is invariant under the circle action then by averaging 
over the circle we can choose Zjj to be invariant and then W\j = 0. 

The vector fields Xjjy and Wjj preserve the symplectic forms along each fibre hence 

C-Y{ix uv u) = iwv^ ~ iwxjU = d F fv ~ d F fu (2) 
for locally defined functions fjj. 

Consider now the fibre Zq given by £ = 0: this is the manifold M with complex structure 
/. As noted above, since dp(ix uv oj) = 0, ix uv u is closed on each fibre and in particular 
Zq. But Y is tangential to Zq and it follows from ([2]) therefore that 

d(i Y ix uv u - fv + fu) = 0. 

This defines a 1-cocycle with values in C and so if H 1 (M, C) = (which we assume for the 
remainder of the paper) then we may choose the {fu} so that 

fv = fu + iyixuv^. (3) 
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Using the isomorphism T| = 0{— 2) © Tp provided by the local product decomposition on 
U a form tp along the fibres gives a form ipjj on U characterized by iz u '-Pu = 0. Applying 
this to to we have sections ujj of A 2 T|(2) where uy — uijj = ix uv u A dQ. It follows from ([3]) 
that on fl V 

(i Y u v ~ fvd() - (iyUJu ~ fu<K) = iyix uv ud( - i Y i Xuv ud( = 0. 
which means that iyUJu — fudC, is the restriction of a global section ipo of T|(2) on Zq to 

c/nz . 

Remark: Note that ipo is not quite unique, for we can add the same constant to each fu, 
but the restriction of </?o to Tp = T^ is the canonical 1-form iyuj. Using the local splittings 
in the computations above, we observe that Y\u = —fjj + Y is a lift of the vector field Y 
to the algebroid E, and changing fjj by a constant gives a different lift. 

Now apply the real structure to transform ipo to a form 9300 over the fibre Z^. The divisor 
D = Zq-\- Zqo is the zero set of the section s = p*(i(d/d() of 0(2) and so in the cohomology 
sequence of the exact sequence of sheaves 

^T|4r|(2)^T|(2)| D ^0 

ip = ipo + <£oo G H°(D,Tz(2)) maps to an element £ H 1 (Z,T^) and defines on Z an 
extension 

Proposition 3 The extension above has the structure of a Lie algebroid which restricts on 
each fibre to the algebroid of Proposition [H 

Proof: We shall find a cocycle of closed forms to define the extension. First recall the 
definition of the homomorphism 5 : H°(D,T^(2)) — > H 1 (Z,T^) in the exact cohomology 
sequence: on an open set U on Z, extend tp\u on D n U to (pu on U and then the cocycle 
{ifv — <Pu)/s in T% represents the class 8(ip). Using the local product decomposition on U 
we can write Y = Yjj + iQZu where Yjj is a local vector field along the fibres. Then 

<pu = iYjjUu - fudQ 

is a local extension. So the cocycle is (ipy — <Pu)/s and we need to show this is closed. 
From the definition of fjj we have 

d(fud(/s) = iwu^/s Ad( = i Wu ^u/s A d( = i[y jZu ]^u / 's A d( = -i Zu £y(uu/s) A d( 
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since iz v ^u = 0. Now oj/s is invariant by the action so C Y {ui/s A d() = (u)/s) A C Y d( = 
i(u)/s) A d(,. But oju A dQ = u A dQ which means that C y {oju / s) = (3 Ad( for some f3 which 
we can take to satisfy iz v /3 = 0. Thus 

i Zu C- Y {iOu /s) A d( = -(3 A d( = -C y (uju/s) 

and so d{fudC t /s) = Cyiuu/s). Then using the Cartan formula 

d(tpu/s) = d(i Yu uu/s) - C Y (^u/s) = -i Y d(uju/s). (4) 

From this we have 

d(tp v - ipu)/s = i Y d{{uu - co v )/s) = i Y d(i Xuv u)/s A dQ. 

But ix uv u is closed on each fibre and hence d(ix uv 0J / s A d() = and the cocycle is closed. 
Writing i Yv L0v — i Yu uu = iy (7 (wy — uiy) + i(j v _ YjJ ^uJu we obtain 

iy v ^v ~ iYu^u = iYuOuvdC, + i(ix uv uu- 
Restrict the cocycle to a fibre ( = c / and we therefore obtain 

(ip v - ipu)/s = ix uv u 

the cocycle for the Lie algebroid of Proposition [2j By continuity this also holds for ( = 0, oo. 
□ 

From this we obtain the following: 

Theorem 4 Let Z be the twistor space of a hyperkahler manifold M with a circle action 
as above. Suppose that the canonical Lie algebroid of Proposition 2 on the fibre at £ = 
is defined by a principal C* -bundle. Then there exists a section ip of T%{2) on the divisor 
D C Z such that the Lie algebroid of Proposition [3] uniquely defines a line bundle Lz on 
Z which is trivial on every twistor line, and which corresponds to a hyperholomorphic line 
bundle L on M . 

Proof: The Lie algebroid of Proposition [3] is defined by S(ip) £ H 1 (Z,T^), which lies 
in the image of H l (Z,dO) in H 1 (Z,T^). For uniqueness we need this to be injective. So 
consider the exact sequence of sheaves 

-»■ dO -> n 1 -> dQ 1 -+ 0. 

Restricted to a twistor line in Z, the cotangent bundle is T| = 0(— 2) © C 2k (— 1) so any 
holomorphic form vanishes on the line and hence everywhere since there is such a line 
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through each point. In particular H°(Z, dQ, 1 ) = and so from the exact cohomology 
sequence H l {Z,dO) injects into H l {Z,VL l ) = H l {Z,T*). 

As far as the characteristic class is concerned, we have the C°° product Z = M x P 1 and so 
H 2 (Z, C) = H 2 (M, C) i? 2 (P 1 , C). The second factor is determined by restriction (as a 
cocycle of 1-forms) to a twistor line, so this is 5{fu{0), jV(oo)} G if^P 1 , 0{-2)) ^ C. By 
changing fjj by a constant (and fy by its conjugate) we can make this class zero. The Lie 
algebroid of Proposition [3] restricts to the canonical algebroid on the fibre so by assumption 
the integrality condition holds for the Lie algebroid on Z. 

The unitarity of the connection follows from the reality condition for the section of T|(2) 
on the real divisor D. □ 



Our construction reveals a new aspect of the line bundle Lz- Recall that the Atiyah class in 
H l (Z, Tg) of a holomorphic line bundle is the obstruction to the existence of a holomorphic 
connection. In our construction it is of the form 5{y>) for (p a section of T%(2) on the divisor 
D and as a consequence we have: 

Proposition 5 The line bundle Lz on the twistor space Z admits a meromorphic connec- 
tion with a simple pole on the divisor D = 7r _1 (0,oo) . It has the following properties: 

1. its curvature is a closed meromorphic 2-form T which restricts on each fibre of Z\D 
to the form iu/s 

2. the annihilator of T in Tz is the distribution generated by the vector field Y 

3. the residue is the 1-form ip on D 

Proof: From the construction in Proposition [3] the transition functions guy for Lz satisfy 
g^jydguy = (fy — <pu)/s so Ajj = (fu/K is a local connection form for a meromorphic 
connection on Lz, with a simple pole on £ = 0. There is a similar form at £ = oo so 
the connection has a simple pole on the divisor D. We see directly from the definition of 
<J>xj = iYu 1 ^ — fud-C that the residue is the 1-form <p. 

The curvature form is T = dAy = d((pu/s), but from @ this can be expressed as 
—iYd(uju/s) and is thus annihilated by the vector field Y. If we establish Property 1, 
then T will be symplectic along the fibres, which are transversal to Y and then we can 
deduce that Y generates the annihilator. 

Now Y = Yjj + iC^u and uu/s is closed on a fixed fibre £ = c, so %Y u d{uj\] / ' s) vanishes on 
the fibre since Y\j by definition is tangential to a fibre. We therefore only have to consider 
—i(,iz u d{tjju I s) for £ = c. Trivializing 0(2) with d/d( we can write s = iQ, and using 
izu^u = and C-z v oj = gives iz v duju = modulo dQ. Hence on the fibre 

-iC,iz u d(uu j s) = -i(uui Zu d(l/i() = uiu/C- 

□ 
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2.3 The link 



We shall now show that the holomorphic line bundle with curvature F = oj\ + dd^fi on 
Z = M X S 2 coincides with the holomorphic line bundle just constructed, trading Cech ter- 
minology for the Dolbeault viewpoint. To begin with, we interpret in differential-geometric 
terms the Lie algebroid in Proposition [2] on each fibre of an arbitrary hyperkahler manifold. 

Without loss of generality consider £ = to be the complex structure with Kahler form u)\. 
On an open set U we can write 2iu% = dd<f)u = dOu for a 3-closed (l,0)-form By. If u>\ is 
the curvature of a U(l) connection, then 9jj is the connection form for a local holomorphic 
trivialization. On UnV, 9jj — Oy is therefore a 1-cocycle of closed holomorphic 1-forms and 
defines a holomorphic Lie algebroid. As connection forms Q\j — Qy = duydguv f° r transition 
functions guv- 

Proposition 6 This is the Lie algebroid of Proposition® on the fibre at £ = 0. 

Proof: Given the hyperkahler metric, the twistor space Z is a C°° product M x P 1 . We 
take the section oj of A 2 TJ.(2) to be 

u) = ((w 2 + w 3 ) + 2<wi + C 2 (w 2 - iw 3 )) ^ 
regarding the tangent vector d/dC, as a local trivialization of 0(2). 

Choose local holomorphic coordinates zx,...,z n on the fibre £ = 0. To fix terminology 
we shall call (1,0) vector fields on a complex manifold those spanned by d/dzi. Write 
2iuj\ = d9u as above and define the (1,0) vector field Ty on U by iTu(^2 + W3) = — 
and put Xfc = [d/dzf.,T{j]. Since W2 + ^3 is holomorphic, 

ix k {^2 + = C d/d z k i Tu {u2 + = -£ d/d z k 6u = -2i(z' a/a?fc u;i). (5) 

The (0, 1) tangent vectors X on M for the complex structure £ are given by ixoj = 0, and 
it therefore follows from ([5]) that to first order d/dzk + is of type (0, 1). Furthermore, 
from the definition of X^, 

— + tX k , — +T V =0 
_dz k dC, 

at C = so d/dC + T[/ is a holomorphic vector field at C = which projects to d/d( on 
P 1 . Thus, comparing with the construction in the previous section, we can take at £ = 

z u = d/d( + T u . 

Now 0J2 + ^3 is the symplectic form on the fibre, so 

ix uv U = iz v -Z v U = iT v -TijU = (6u - Ov) 
showing we have have the same algebroid as in Proposition [2j □ 
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Now consider the case in question, where the hyperkahler manifold has a circle action 
inducing a holomorphic vector field Y on Z. As we have seen, the fibration ir : Z — > P 1 
expresses the tangent bundle Tz as a holomorphic extension 

0^T F ^T z ^ 7T*T P i -> 0. (6) 

The product decomposition Z = M x P 1 gives a C°° decomposition of the tangent bundle as 
complex vector bundles Tz — Tm ©7t*T p i where Tm at (x, £) is given the complex structure 
at Q. We denote by B^ the 9-operator on M with respect to the complex structure Q. Let 
X 1 ' denote the (1,0) component with respect to this complex structure of the vector field 
X (defining the circle action) on M. Then ixoj = i x i,oUJ since oj is of type (2, 0) for all (, 
and moreover since u is symplectic on a fibre ixhoU) uniquely defines X 1,0 . 

For fixed (, oj is holomorphic on M so 

ifoxifiU = B^(i x ^,ooj) = (dixu) 1 ' 1 . 
But, as a form on the fibre M, 

dixoj = £>xu = C-x ((<^2 + ioJz) + 2iQoji + C 2 (^2 - w 3 )) = i{oj 2 + ioj^) - < 2 (w 2 - iw 3 ) 

using Equation (pQ) for the action on wi, 0/2,073. Since 0/ is of type (2,0), (0/2 + &o/ 3 ) ,:l = 
(— 2i£o/i — C 2 (^2 — fco/3)) 1 ' 1 . It follows that for £ 7^ 00 a'a xi,oO/ = (dixoj) 1 ' 1 is divisible by £ 
and hence so is B^X '°. A similar argument near £ = 00 (or using the real structure) shows 
that £~ B^X >° is a well defined (0, l)-form on Z with values in Tp{— 2). 

These facts play a useful role because of the following description of the tangent bundle of 
Z, the holomorphic extension — > Tp Tz — > 7r*Tpi — >• 0, as a C°° direct sum. 

Lemma 7 T/ie holomorphic structure of Tz — Tp 7r*Tpi is defined by the operator Bz 
where 

B z {W,u) = {B C W + u<- 1 <9 c X 1 ' ,c\u). 

Proof: The vector field Y gives a holomorphic splitting of the extension ([6]) outside the 
divisor D = Zq + Z^ since Y projects to the non-zero tangent vector i^d/dQ on P 1 . Writing 
s as the corresponding section of 0(2), this means that the extension is defined by the class 
S(Yp>) € H 1 (Z,Tp(—2)) in the long exact cohomology sequence of 

-*-Tp(-2) 4Tp -*T f \ d -»• (7) 

where Yd is the vector field Y on D, where it is tangential to those two fibres. 

On the other hand, since X 1 ' is holomorphic in Q, —iC, BtX' = —i(^~ 1 BzX 1 ' = 7 is 
a Dolbeault representative for a class in H 1 (Z,Tp(—2)). Then 57 = BzX 1,0 is cohomo- 
logically trivial and in the Dolbeault version of the exact cohomology sequence is defined 
by S(X 1,0 \pi). But on D, X is the holomorphic vector field Yd, so the form 7 defines the 
extension and the lemma follows. 
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On the cotangent bundle this implies that the <9-operator is 

3 z (a,u) = (d c a,d ? u + fCVdc^ 1 ' ))- (8) 

To prove the equivalence between the differential geometric approach and the twistorial 
approach, we need to show that the holomorphic Lie algebroid on Z defined by the closed 
(1, l)-form F = uj\ + dd\[i is obtained by a coboundary map from a holomorphic section of 
T*(-2) on D. 

Observe first that for any 1-form a on M, (2i(I + (1 + ( 2 )J + i(l — ( 2 )K)a is of type (1,0) 
with respect to the complex structure (. Take a = d/i and define the (1, 0) form 4> on M by 

4> = 2itd c lf i + (1 + C 2 K,u + i(l - ( 2 )d c 3 fi. (9) 

and use the C°° splitting of T| to interpret this in 0(2)) (the twist by 0(2) comes 

from the quadratic dependence on £). 

Now define a section ^ of T|(2) = 7^(2) vr*!^ (2) by V = -2i/x). 
Lemma 8 = 2z£.F 

Proof: First we check the result restricted to fibres: i.e. that d^<p = 2iQF. Using 
dd^fj, = —0J3 and dd\[i = — 0J2, we see that 8q4> is the (1, l)-component of 

d<t> = 2i(ddln - (1 + C 2 )^2 - «'(! - CV 3 . 

But (uj2 + ^3) + 2i(uji + C 2 ( w 2 — ^3) is of type (2, 0) so, as before 

((1 + ( 2 )oj 2 + i(l - CVs) 1 ' 1 = -2<^i 1 ' 1 

hence 

a c = 2iQ{dd\n + wi) 1 ' 1 = 2<F (10) 
since F is of type (1, 1) with respect to all complex structures. 

To finish we have to show, using ([8]), that 2d^fi = C~ 1 (p(B^X 1 ' ). Now, contracting the 
1-form <f) with B^X 1 ' G Sl 0ll (T) we have, using §W§, 

0(S f X 1 ' ) = a c (^^) + i x i.o5c^ = dd^) + 2iCfei ? ) ' 1 (11) 

and by definition 

i x <t> = -2iCg(X, X)-(l + ( 2 )g(X, JIX) + i(l - C 2 )s(X, = -2iC<?(*, X). 

But ix-F = + g(X, X)) so (ix-F 1 ) 0,1 = d c (n + g(X, X)) and so from (TTTjl 
-K^X 1 ' ) = "2<%(^, ^) + 2iC5c(/u + X)) = 2»Ca c /i 
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From the Lemma we see that the algebroid given by F is defined by <5(?/>.d)/2 where i^d is 
the holomorphic section of T^(2) on D given by the restriction of ip. Now at £ = 0, we see 
from that restricts to 

d\\x + id%ii = -i x ^2 + j(»JfW 3 ) = -i{ix{u2 + i^z)) 

from the properties of // in Section f2. 11 This is the section iyuj of Tp{2) on Zq in the twistor 
construction, and the choice of moment map \i is equivalent to the choice of lift of Y to the 
algebroid. 

Finally the integrality condition on the cohomology class of uj\ is clearly the same as for 
^ = 6^1+ dd\[i and so if satisfied, the algebroid on Z defines a holomorphic principal 
C*-bundle. 

To summarize: 

Proposition 9 The line bundle Lz on Z which gives the hyperholomorphic connection with 
curvature uj\ + dd\\i on M is obtained by applying the construction of Section \2.S\ to the 
section uj = ((u 2 + iu) 3 )/2 + + C 2 (^2 - ^ 3 )/2) d/d( of A 2 T^(2). 

3 Examples 
3.1 The flat case 

We take M to be C 2k - a product of k copies of the motivating example in Section 12.11 So 
the hyperholomorphic line bundle has curvature 

F = - y~](cfej A dzi — dwi A dwi). 

i 

The twistor space Z is then the total space of the vector bundle C 2fc (l) over P 1 . We write 
this more invariantly as Z = W(l) © W*(l) where W is a ^-dimensional vector space. Then 
the natural pairing (v,£) defines the section uj of A 2 T£(2), which is just a constant skew 
form on the fibres, and the S^-action extends to a C*-action which is the composition of the 
natural action on P 1 with the action («, £) h- > (u, A£). A hermitian structure on W defines 
an isomorphism W = W* which, together with the antipodal map on P 1 generates the real 
structure on Z. We shall now describe the holomorphic line bundle on Z constructed in 
Section [2.21 and to do this in Cech language we describe Z in terms of two open sets. 

Define U, V C Z to be the subsets £ ^ oo and Q ^ respectively. Then we have coordinates 
v ii Ci> C on U an d Vi, £i, C on V where on U n V, 

c = i/c, vi = vi/c, it = Ci/c- 
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The real structure is (vi,£i;C) i-» (£i/C> ~~ U i/Cj ~~ 1/0 an d, comparing with Example 12. 1| 
cj(7 = ^ dvi A and similarly over V. 

The C*-action is given by (vi,^i, C) i-> (^i, A£j, AC) for £ ^ 00 and correspondingly (#$, £j, £) h-> 
(A _1, Dj,^j, A^ 1 ^)- Over [/ and V we have the vector field Y on Z expressed as 

i = > K» ~ h ^Ctt- = — > iVj— iC — -■ 

We take Z;y = d/dQ and Zy = (9/<9£ to be the lifted vector fields. Since ujjj in these 
coordinates is independent of £ this is the required condition. Over U n V, the cocycle Xuv 
with values in Tp(— 2) is 

/a . a \ d( 
Xuv= { v ^ +Ci WjT 

The open sets U, V are C*-invariant, as is Xjjv-i so we ma Y take the fu = and then the 
cocycle which defines the Lie algebroid on Z is 

^(J'Yu^u ~ iYv^v) = + C 2, M&)- ( 12 ) 

Note that the factor £ 2 appears to relate the two local trivializations of 0(2) over J7 and V. 
This expands in the t7-coordinates to 

~Yc Yl& dv * + ^(&/0) = -dJ2v&/K 

i i 

Thus the line bundle is defined by the transition function guv where 

guv = exp(-^Jvi£i/2C). 

i 

The meromorphic connection is given by one- forms A\j , Av such that 

A v - Au = g^ydguv = -d^v£i/2Q. 

i 

But this can be read off from (|12|) 

i i 

That this describes the hyperholomorphic line bundle is a consequence of the general proof 
in the previous section, but it is instructive to see it directly. The C°° description of the 
twistor space as a product is given by setting 

Vi = z { + (wi, £ i = w i - (z { 
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for these equations define the real holomorphic sections of C (1) parametrized by coor- 
dinates (zi,Wi) € C 2k . A hermitian metric on a line bundle with holomorphic transi- 
tion functions guv is gi ye by smooth real-valued functions hu on U such that on U n V, 
hu = \9uv\ 2 hv- In our case 

log \guv\ = -p Rey^^i/C = -^Re^z^i/C + «W - zai - QziWi 

i i 

so we can take ^ 

log hu = ^ y~] Zjlj - WjtDj + C^i^j + C^i^i (13) 

i 

and log/ty = — log%(— 1/C). 

Now the (1, 0)-forms on Z for ( ^ oo are spanned by dzj + Qdwi, dwi — Qdzi, d(, and a short 
calculation gives 

d z log h v = - ^2 ZiWid( + Zidzi - Widwi + (dfewi) 

and hence dzdz log hu = (X^« —dz^dzi + dwidv)i)/2, giving the curvature of the hyperholo- 
morphic connection on the line bundle pulled back to the twistor space. 

3.2 Taub-NUT space 

There is another well-known hyperkahler metric on R 4 whose twistor space can be described 
easily, namely the Taub-NUT metric. It is the submanifold of the vector bundle L(1)©L*(1) 
over 0(2) defined by {(«,£) : v£ = rj} where r\ is the tautological section of 0(2) pulled 
back to its total space, and L is the line bundle with transition function exp(r//£) (the line 
bundle occurring in the construction of monopoles [H]). It has local coordinates v, £, C and 
v, £, C as above where 

C = l/C; £ = ex P «/cWC; C = ex P (-</C)C/C- 

The C*-action is as in the flat case and a similar calculation to the one above gives the 
cocycle 

-i (ftfo + (v[d(£/0 - d(vt/C)H/(}) = d(-vC/C + «/C) 2 ))- 

The hyper holomorphic line bundle is therefore given by the transition function 

g uv = exp(-r]/C + {rj/Q 2 )). 
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3.3 The semi-flat case 



We next describe from a differential geometric point of view the line bundle as it appears 
in the physicist's c-map construction (see [2] for further discussion of this). This starts 
with a special Kdhler manifold. This is a manifold Ai with a flat symplectic connection 

V with symplectic form uj, and a Hamiltonian vector field X such that VX = I is a 
complex structure making ui a Kahler form. When X preserves the metric, or equivalently 
the complex structure, and generates a circle action, it is called a conical special Kahler 
manifold and its symplectic quotient is called a projective special Kahler manifold. We shall 
assume that the metric is positive definite, though in many of the moduli space occurrences 
of this structure it is indefinite. 

Let 4> be the Hamiltonian function generating X, then following the description in [12] we 
let x%, . . . , X2k be real flat coordinates for the connection V. In these coordinates the sym- 
plectic form is given by a constant matrix Uij. On the product with R 2fc , with coordinates 

VI j • • • j U2k we define on M. x R 2fc three closed 2- forms by 



jk jk 



U)i + iuj 2 = ^2 ^jkdixj + iyj) A d(x k + iy k ) oj 3 = ^ Q x .Q Xk dx ^> A dyk ' 



Then these define a hyperkahler metric. Take the trivial action of the circle on the R 2fc 
factor and this gives an action which leaves fixed oj\, and which has moment map /U = </>, a 
function of A4 alone. 



The metric on A4 is of Hessian form g = V </>, so since Idcft = grad</> we have 

xr , s^- ik d<t> d 2 cj) , 
m = L X ^dx 3 jj^ jj-jy-ds, 

i ijk J 



and so 

it i , sr^ ik d 2 4> d 2 4> y-^ 
alacp = } uj — — - — — — - — axe A axj = > u>ijdxi A axj 
' oxeoxk oxiOXj ^-^ 

ijk J ij 



since uj is a Kahler form for the Hessian metric. Hence 

ui\ + ddlfx = ^jkidxj A dxf, — dyj A dy k ) + dd\[i = — Uj^dyj A dy k . 

jk jk 



The curvature form is thus constant on each copy of R 2fc . 

In many situations, there is a lattice in the fibres and the hyperkahler metric is defined on 
the quotient which is a torus fibration over A4 - in fact a holomorphic integrable system for 
the symplectic form uji + iui 3 . The hyperholomorphic line bundle then defines a complex 
line bundle over each torus. The corresponding principal bundle is a Heisenberg extension 
of the torus group. 
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The metric above has a 2/c-dimensional abelian group of translational triholomorphic sym- 
metries (preserving I, J and K) generated by d/dyi. It is a special case of the Legendre 
transform construction which requires only a /c-dimensional group, and we shall give a 
twistor description in the next section. 

3.4 The Legendre transform 

The Legendre transform [15] is a means of constructing a hyperkahler metric on a manifold 
M 4fc with a /c-dimensional abelian group G of triholomorphic symmetries. It requires a 
hyperkahler moment map for the group which means that the restriction of the Kahler 
forms wi,W2,^3 to the orbits must be zero. In particular to apply it to the previous semi- 
flat case, we need to restrict the translations to a Lagrangian subspace of R 2fc with respect 
to the symplectic form. 

If G = W = R fc and acts freely then the hyperkahler moment map expresses M as a princi- 
pal TV-bundle over W* <g>R 3 . The twistor space is then a principal C fc -bundle over the vector 
bundle W*(2) ^ C k {2) -> P 1 . The construction starts with a class a G H 1 (W*(2), 0(2)), 
then differentiating along the fibres we get a class d F a £ W ® H 1 (W*(2), O). This class 
defines the principal C fc -bundle. 

We take again the open sets U, V on W* (2) defined by £ ^ oo, £ ^ and coordinates 77$, £ 
on {/ and f/j , £ on 1/ and on U D V we have 

m = WC 2 , C = i/C 

Remark: Most of the interesting examples do not quite fall into this picture because 
the group action has fixed points: the cohomological formulation is replaced by contour 
integrals and these may be of multi-valued functions, but for our purposes we shall stay 
with this global picture. 

The class a G H 1 (W*{2), 0(2)) is defined by a cocycle on U n V of the form 

d 

H{rii,...,ri k ,Q — 

and then the principal C fc -bundle has extra coordinates Xi> • • • >Xfc over U and xi, . . . , Xk 
over V which on U H V satisfy 

dH 

This preserves the symplectic form ui = J2i ^Xi A drji = Q 2 ^ i d\i A dfji along the fibres. 

Example: Take M = C 2 and let the action of W = R be (z, io) h-> (z + t, w). Then on 
the twistor space Z = C 2 (l) the C-action in coordinates is given by (v, ^) i-> (« + £,£ + !). 
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Then r] = (t; — v is invariant and defines the projection from C 2 (l) to 0(2) over U and 
fj = £ — (v over V. Over U we have a section = (— r], 0) and over 1/, (y,£) = (0,fj). 

Then on U PI V, (0, 77) = (—77, 0) + x(C 1) giving x = v/C an d hence H (77, £) = r? 2 /2£. 



To determine the holomorphic line bundle over the twistor space, we take the natural lift 
of the C*-action on P 1 to W*{2) which in coordinates is £ 1— > \CiVi ^ ^7i- Since C7 and 
V are invariant we can average a cocycle over the circle group to make it invariant. Then 
H(rjx, . . . , rjk, C) is homogeneous of degree 1 and as before we can take the fu = 0. Now we 
have 

— (iy^U - iy v u v ) = -- ^2(r]idxi - ( 2 rjidXi) = 7^]^ 

i i 




Proposition 10 The hyperholomorphic line bundle is defined by the transition function 



g uv = exp 



ldH 
2~d( 



Proof: 

C V d Vi J \C driij diji ( 1 dr\i C 2 



But from the homogeneity of H, 

' drji d( 

L 

Substituting, we get 



v-^ dH dH „ 



□ 



Example: In the flat example above dH/d( = — rj 2 /2C, 2 = — (££ — v) 2 /2Q 2 which expands 
to —£ 2 /2-\-v!;/( — v 2 /2( 2 . But exp£ 2 /2 is a gauge transformation over U and exp(u 2 /2C 2 ) = 
exp(-u 2 /2) is well defined over V, so after changing local trivializations we get transition 
function exp(— v^/2(), the same holomorphic bundle as in Section [37T1 



In the semi-flat case with a circle action we have a bigger group of symmetries. On the 
space W*{2) these are realized by transformations rji 1— > rji + We cannot impose the 
symmetry on the cocycle itself since QdH/dr}i = is too strong, but we can ask that C,H 
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(and hence also dH/drji) must be a coboundary. This means that it comes from a class in 
H (D,O(4)) in the exact sequence 

->■ H°(W*{2), 0(4)) -)■ 0(4)) -> iZ" x (W*(2), 0(2)) -> 

where -D is the sum of the divisors ( = and £ = oo. The cocycle is then of the form 

H= J {f(vu---,Vk) + f{fji,---,Vk))) 

for a holomorphic function /, homogeneous of degree 2. (In fact, (see [12]) this is essentially 
the holomorphic prepotential of special Kahler geometry.) Then the transition function is 

ldH\ ( 1 

2 9cJ =eXP VX 2 



ex P ( _ o — ) = exp ( —(Jfa,... ,r) k ) + f(fk,--- ,fjk)) ) • 



3.5 Cotangent bundles 

The cotangent bundle of a Kahler manifold N is a holomorphic symplectic manifold with a 
circle action along the fibres, which acts by multiplication on the symplectic form, as in the 
cases here. Feix [I], and independently Kaledin and Verbitsky, showed that if the metric on 
N is real analytic then there is a canonical extension to an ^-invariant hyperkahler metric 
on a neighbourhood of the zero section of T*N. Any hyperkahler metric is real analytic so 
this is a necessary condition anyway. Since this is local around the zero section the same 
argument also applies to hyperkahler metrics with a circle action with fixed point set which 
has the local structure of the cotangent bundle [5]. In particular the hyperkahler metric is 
uniquely determined by the metric on the fixed point set. 

In a further paper [6], Feix showed that a real analytic connection on a bundle over a 
Kahler manifold N, whose curvature is of type (1, 1), extends uniquely to an 5 1 -invariant 
hyperholomorphic bundle on this hyperkahler extension on T*N. 

Now the hyperholomorphic bundle considered here has curvature F = u)i + ddf/x. The 
function \i is the moment map for the circle action and so is constant on the fixed point 
set N. The action also preserves the complex structure I so the fixed point set is complex 
and hence dd\\i restricted as a form vanishes there. It follows that the hyperholomorphic 
bundle on T*N is the unique extension of the line bundle with curvature the Kahler form 
on N. Since Feix's construction uses twistor theory, we can implement our description in 
this rather general case too. We first outline Feix's argument. 

Locally, real analyticity allows a complexification N c of the Kahler manifold N. This means 
that Zi,Zi become independent coordinates Zi,Zi and there are two transverse foliations 
whose leaves are defined by = q and Zi = Let B + be the quotient space of iV c by 
the first and of the second. Then the projections p± : N c — > B± identify the real 
submanifold iV C iV c with B± and give it the complex structures iJ. 
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The Kahler form is now a holomorphic symplectic form on N c and the foliations are La- 
grangian foliations. This means the fibres have natural flat affine structures: functions on 
the base B± define Hamiltonian vector fields along the fibres and these are covariant con- 
stant with respect to the flat affine connection. Let V± denote the rank k + 1 vector bundle 
over B± consisting of the affine linear functions along the fibres. In canonical coordinates, 
if lj = dqi A dzi then this space is spanned by {1, q±, . . . , 

There is a natural map 4> + : iV c x C* — >• V+ defined by <fi + (x, A) = X5 X where 5 X (/) = f(x) for 
an affine linear function /. This is locally biholomorphic. We define (/>_ similarly and then 
construct a twistor space Z by attaching V* to V* by identifying A) with </>_(x, A -1 ) 

over a neighbourhood of S 1 in C*. Note that the constant functions are contained in V± 
which provides homomorphisms V± —> C. The identification then gives the projection from 
2 to P 1 . 

Now take a real analytic Kahler potential f(z,z), so that the Kahler form satisfies 2iuj = 
ddf. In the complexification this can be written as 2icj = d(df /dzj) A dzj and then the 
affine linear functions on a leaf Z\ = Cj are linear combinations of 1 and qi = (df/dzi)(c, z) for 
i = 1, . . . , k. With respect to this basis we can take local coordinates do, a±, . . . , z\, . . . z\~ 
on and similarly en , Zj on V* . Then the identification to define Z can be written as 

a = (, ai = (—, a = C , «i = C ^r- 

OZi OZi 

In other words, we have coordinates ao, Qi, • • • , a>k> z ii ■ ■ ■ z k on an open set U and ao, • • • , Sfc, 
Zi, ■ ■ ■ Zk on V where at = Qdf/dzi defines Z{ as a function of oo, oi, ■ ■ ■ 5 Ofc, Z\, . . . z^. 

The further properties to recognize this as the twistor space of a hyperkahler manifold are 
attended to in [3], but for us we only need to note the natural C*-action by multiplication 
on the space of affine linear functions. 

Proposition 11 Let f be a Kahler potential on the real analytic Kahler manifold (N,uj), 
then a transition function for the line bundle Lz on the twistor space ofT*N which defines 
the hyperholomorphic extension of the line bundle on N with curvature uj is 

9UV = exp(-/(z,z)/2) 

where Zi is expressed as a function of ao, a\, . . . , a&, Zi, . . . z^ by aj = Qdf jdz\. 

Proof: From the construction above, and using the terminology of Section 12.21 we have 
iYjjUjj = —iYl (°f ' I 'dzidzi and iy v ^v = iYl C l °f /dzjdzj. Hence the cocycle is 

^(iy^u - i Yv u>v) = -\ (jEcff^ - eC^dz^ = -\df 

□ 
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We may compare this formula with the hyperholomorphic extension of the connection on a 
line bundle L with curvature uj. The argument of [6] is as follows. Since uj is of type (1, 1) 
the complexification vanishes on restricting the form to the leaves of each foliation, and in 
simply-connected neighbourhoods there exist line bundles L± on B± consisting of sections 
of L on N c covariant constant along the leaves. If q± : V± — > B± is the projection then 
a line bundle on the twistor space is obtained by identifying q+L + and q*_L_ as follows. 
For x € N c , cf) + (x,\) is identified with (/)_(x,A _1 ) and a vector in (o+^+^+foA)' which 
is a covariant constant section <r+, is identified with a covariant constant section <r_ if 

(J+{x) = <7_(x). 

Now 

d 2 f df 
2iu = - } dzi A dzj = - } d(-^dzj) 

^ OZiOZj ^ OZj 

i,3 3 

so that —^2j(df/dzj)dzj/2 is a connection form for the line bundle on the leaves Zi = Cj, 
and exp(/(c, z)/2) is a covariant constant section. The identification is therefore achieved 
by exp(— f(z, z)/2) as in the proposition. 

Example: Flat space C 2fc has / = Yli z i z i complexifiying to / = Yli z i z i- So 

a = C, «i = Oi = C^— = C^i ao = C , Oi = C = C ^ 

and the twistor space has coordinates ao, ai, . . . , a^, zi, . . . , z^ on U and 

a = C _1 Oi = C" 1 ^ 5j = C l<1 i 

on V giving C 2fc (l) — >• P 1 . The transition function for the hyperholomorphic line bundle is 
ex P(~ z i a i/2() as i n the direct calculation in Section [3TTI 



3.6 Monopole moduli spaces 

Among the gauge-theoretic hyperkahler moduli spaces, the one we know most about is the 
moduli space of SU(2) magnetic monopoles of charge k on R 3 [3J. These are solutions to 
the Bogomolny equations F = where F is the curvature of a connection A and 4>, 
the Higgs field, is a section of the adjoint bundle. The boundary conditions imply that as 
r = |x| — » oo, \<j)\ — > 1 — A:/2r — . . . where k is an integer, the magnetic charge. 

The group 50(3) of spatial rotations acts on the moduli space, rotating the complex struc- 
tures of the hyperkahler family, so rotations about a fixed axis give us a circle action of the 
type we are considering. From a theorem of Donaldson we can identify the moduli space 
Mk as the space of rational functions R^'- 

Q( ) - _ Q o + aiZ H L Qfc-i^ -1 

~ q{z) ~ b + biz + ■ ■ ■ + z k 
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The circle action is S(z) i— > A 2k S(X 1 z). From [3] its twistor space is of the form Z = U UV, 
U = V = Rt x C where on f7 n V = Rk x C* we have the identification 

C = ^ 5 f = £5fc?(*)> P (tO = e" 22:/? p(z) mod g(*). 

It is convenient to use local coordinates on the open set where the denominator has distinct 
roots Pi, Pk- Then since p/q has degree k, p(Pi) ^ and we use coordinates Pi , pi = p{Pi) 
on U and on V where 

Pi = ft/C 2 , Pi = exp(-WOPi- 

The symplectic form along the fibres is Y^i^Pi ^ ^logPi = C^Yi^Pi A (ilogpj. Setting 
Xi = log pi we have the same format as the Legendre transform, although there is no global 
C fc -action here. If, with q(z) = z k + b^—iz ^ + . . . , we put 

H(p(z)/q(zU) = 2bk - 2 - bLl = ~Y.fi 

i 

then log j?j = logpi+dH/dPi. Moreover H is homogeneous of degree one, so the holomorphic 
line bundle on the twistor space is defined by the transition function exp(— {dH/dQ/2): 



g uv = exp 



26 fc _ 2 - b 2 



k-l 



2( 2 



When the monopole is centred b^-i = and the resultant R(p, q) = 1. Then we have simply 
g uv = exp(6 fe _ 2 /C 2 )- 



We can also give a differential-geometric description of the hyperholomorphic bundle, thanks 
to [13], where the following formula is given for the Kahler potential of the moduli space of 
centred monopoles in the complex structure fixed by rotations about the unit vector u: 

(t>=i 1 ^+ 2) (0) _1q( u u y ( 14 ) 

v {N + l){N + 2) tfW(O) 3^ V ' V ' 

Here $ is a theta function for the spectral curve (here assumed to be smooth) and Q is the 
quadrupole moment in the asymptotic expansion of the Higgs field: 

k Q(x,x) 

H = 1 -^:-^^ + --- 

It is a trace zero symmetric rank 2 tensor. 

The spectral curve [3] is an algebraic curve whose equation is of the form 7] k + 

Ofe-i(C) 7 ? fe 1 + ' ' ' + a o(C) =0 where dj(C) is a polynomial of degree 2k — 2i, which is real 
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in the sense that ( 2k ~ 2i ak{— 1/C) = Ofe(C)- Then the quartic function 2afc_2(C) ~~ a fc-i(C) = 
co + ciC + C2C 2 — ciC 3 + coC 4 where C2 is real. If u gives the complex structure ( = then 
C2 = — Q(u, u)/2. In the rational map description the numerator at complex structure £ is 
given by setting r/ = z, so it is perhaps not surprising, given the transition function above, 
that Q appears in the formula. 

Now consider the curvature F = ui + dd\jjL of the hyperholomorphic line bundle. As we have 
seen, the Kahler form for J is 002 = —dd^/J-- But this is the complex structure invariant under 
rotation about an axis v orthogonal to u. The theta function term in (|14p is rotationally 
invariant, so we find 

F = ~dd?(Q(u,u)-Q(v,v)). 

Now under a rotation of an angle 6, C2 is replaced by 

3 3 
c 2 + - sin 2 9{cq + C4 — c 2 ) — - sin 6 cos 9(c\ - c 3 ) (15) 

so for the orthogonal complex structure defined by v we get 

3 

C2 + - (co + c - c 2 ) = -Q(v, v)/2. 

Hence 

Q(u,u) - Q(v,v) = -c 2 + 3(c + c ). 

However co = 2bk-2 — ^\-x an d is holomorphic in the complex structure at C, = 0, so we 
finally get 

F = lddtQ(u,u). 



3.7 Higgs bundle moduli spaces 

Let S be a compact Riemann surface and P a principal G-bundle for G a compact Lie group 
with complexification G c . Given a connection A on P and $ a section of <g) if where g is 
the adjoint bundle, the Higgs bundle equations are given by 

a A $ = 0, F A + [$,$*] = () (16) 

These are formally the equations for the zero set of a hyperkahler moment map for the 
action of the gauge group, and as a consequence the moduli space M. of solutions has a 
hyperkahler structure [TJ]. There is also a natural circle action (A, h-> (A, e t9 Q) which 
fixes one Kahler form and rotates the other two. 

The different complex structures, parametrized by Q £ P , can be viewed by considering 
the operators D + : O ' x (g) and £>_ : n°(g) -> O 1 ' ^) defined by 

D + = 8 A + ($*, D„ = d A + ($ 
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For C ^ 0,oo and C = C , then D + = V°'\L>_ = V 1 ' for a flat G c -connection V. When 
Q = 0, D + is the 5-operator 5a which defines a holomorphic structure on the principal G c - 
bundle and for which the equations (|16p say that <3? is holomorphic and satisfies a stability 
condition. The gauge-theoretical moduli space thus has different interpretations, either as a 
moduli space of Higgs pairs (5a, 3>) when ( = or oo or as a moduli space of flat connections 
otherwise. 

The twistor space Z is the union of two open sets U, V given by £ ^ oo and ( ^ 
respectively. Each one is actually algebraic, a moduli space of X-connections in Deligne- 
Simpson's terminology |22j : for the general linear group these are holomorphic differential 
operators D : E — > Cl 1,0 (E) on a vector bundle E such that D(fs) = Xdf ® s + /Ds. 
On £/, D + = 5a + A<J>* defines the holomorphic structure on i£ and the A-connection is 
D = X5a + For a fixed holomorphic structure these form a vector space whose projective 
space has a distinguished hyperplane A = 0. The affine space which is the complement is 
the space of holomorphic connections on E. 

An elliptic operator D on a compact manifold has finite dimensional kernel and cokernel 
and one can associate to this a determinant line 

L(D) = (A top ker£>)* ® A top cokerD. 

and in particular for a (^-operator on sections of a vector bundle on a Riemann surface. It 
behaves well in families even though the dimensions may jump (see [7J, [E]) and defines a 
line bundle L. In particular, the <9-operator for a A-connection (D + with A = £) defines a 
determinant line bundle L + over U. There is a similar line bundle L_ on V defined by D-. 

For the moduli space of Higgs bundles H 2 (A4, Z) has a single generator, so all determinant 
bundles are powers of one. To deal with a general group it is convenient to take the bundle 
given by the adjoint representation and to tensor with a line bundle K 1 / 2 , whose square 
is the canonical bundle, a so-called theta-characteristic. We shall see this later, but it is 
immaterial for the following: 

Proposition 12 The holomorphic line bundle Lz on the twistor space Z defining the hy- 
perholomorphic line bundle of A4 is isomorphic to L + on U and L*_ on V. 

Proof: On the infinite-dimensional affine space A of 9-operators on the bundle q <S> K 1 / 2 , 
the determinant line bundle L has a natural connection defined by the Quillen metric |18j . 
The curvature of the Quillen metric is a multiple of the Hermitian form J s tr dada* . On the 
flat hyperkahler manifold A x H°(T,,g K) the hyper holomorphic bundle has curvature 

F = — f (tr dada* - tr d$d$*). 

Recall from (|13p that in a finite-dimensional flat space with Hermitian form (z, z) = z iZi 
if log hjj = (z, z) — (u>, w) + w) + C(z, w) then 5zdz log h\j = {dz, dz) — {dw, dw) = 2iF. 
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Choosing a basepoint Dq € A we can do the same thing on A x H°(T,,g <g> K) as the circle 
acts trivially on A. 

Now note that 

(z + (w, z + (w) - (1 + (()(w,w) = (z,z) - (w,w) +((z,w) + ((z,w). 
Since Zi + £-u)j are, for Q ^ oo, holomorphic functions on Z we have 

2iF = a z d z log/i c/ = (d(z + Cw)Ad(z + (w))-dzd z ((l + (()(w,w)). 

In the present context this means that taking the Quillen metric for the determinant bundle 
of -D+ = 8a+(&* and rescaling it by exp[(l+(X) J s tr <3?<3?*] we have a metric whose curvature 
is F, and hence the line bundle Lz on U is isomorphic to the determinant line bundle L + . 
A similar argument gives L*_ on the open set V. □ 

To describe the line bundle Lz we now need not a transition function, but instead an 
isomorphism between L+ and L*_ on U D V. 

Note that $ = is a component of the fixed point set of the circle action, and this is 
the moduli space AT of stable bundles, or flat connections with holonomy in the compact 
group G. The tangent space at a point in M is naturally isomorphic to -ff 1 (S,g). By Serre 
duality the cotangent space is i?°(S,g (g> K), where the Higgs field lies, and so there is a 
neighbourhood of M C A4 which is identified with the cotangent bundle of J\f, with the 
circle action given by scalar multiplication in the fibres. The hyperkahler metric is therefore, 
using Feix's result, the unique hyperkahler extension of the Kahler metric on the moduli 
space of stable bundles. As in Section [375| we can in theory describe the line bundle Lz by 
transition functions involving the Kahler potential of this metric. 

The Kahler form on AT is known to be a multiple of the curvature of the Quillen metric. On 
the infinite-dimensional space A the Kahler potential is, as we saw above, just the Hermitian 
form, but because of the choice of base-point this is not gauge-invariant. Quillen gave an 
alternative description involving the zeta-function regularized determinant 

det ( (B* A d A ) = exp(-C'(0)) 

of the composition of an operator 8a with its adjoint. Here £(s) is the analytic continuation 
of Q{s) = XIa^o f° r * ne eigenvalues A of B^Ba- This depends on a choice of metric, but 
only up to a factor which depends on the metric alone. 

The operator 8a ■ ® K 1 / 2 ) — > O ' 1 ^ <g> K x l 2 ) has the property that dimker^A = 

dimcoker 8a- It then follows (see [7]) that there is a canonical determinant section ct{8a) of 
the determinant line bundle L. (In fact if the theta characteristic is odd and the dimension 
of G is odd this always vanishes, but there are choices for which, as A varies, it is generically 
non-zero.) The Quillen metric is then defined by the property that 

||a(a A )|| 2 = det c (^). (17) 
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The determinant section a (Da) vanishes when 3a has a non-zero kernel, but the behaviour 
of the zeta-function and the definition of (j{Ba) as in [7], show that the metric, a section 
of L* <8) L* is everywhere non- vanishing. Since the curvature form for this bundle is the 
Kahler form on jV, the local trivialization of L defined by (t(5a) gives from (|17p a Kahler 
potential f/2 = log det^(d A dA)- To implement the construction of Section 13.51 we need 
to understand the complexification of exp//2 = det^(d A dA) and then identify it as an 
isomorphism between the determinant line bundles. 

Recall that the construction of Section T3.5I uses the diffeomorphism <p + : N c x C* — > Vf. In 
the Higgs bundle situation the Kahler manifold N is the moduli space of flat G-connections 
M and its complexification N c we view as the moduli space of flat G c -connections and V2 
the moduli space of A-connections D. For fixed A G C*, if we put V ' 1 = d and V 1 ' = \~ 1 D 
then V = V ' 1 + V 1,0 is a flat G c -connection and this defines (p^ 1 ■ 

Given the flat G c -connection V we can define two operators 

These have determinant bundles L + ,L~ as considered in Proposition I12| and determinant 
sections <7+,<t_. A metric in £ defines a section h of KK and then A = h^ 1 ! 2 D-h~ l l 2 D+ 
is an operator which specializes to d* A d in the case of a G-connection. Moreoever it has 
the same principal symbol and so satisfies the Agmon-Nirenberg condition on its spectrum 
which guarantees a well-defined (complex) zeta-function determinant. The definition of 
<7+,cr_ and the properties of the zeta-function show that cr + (T_/ det^ A is a non- vanishing 
section of L + L_ and this defines the required identification L + = L*_. In fact we 
know from Proposition [12] that such an isomorphism must exist and we also know that 
it is uniquely determined by the analytic continuation of the Kahler potential, but this 
combination of determinants gives it a more concrete form. 

Remark: Two recent papers [I], |17| discuss the hyperholomorphic bundle in terms of 
wall-crossing, the first using the existence of a circle action, the second apparently not. It 
nevertheless uses Higgs bundles, but with singularities, and these generally do not have 
such an action. There are however determinant lines, so it seems possible that the above 
description is concerned with the same hyperholomorphic bundle. 

We do not know an explicit form for the Higgs bundle metrics for genus g > 1 but we can 
observe the description above in the case of an elliptic curve, which we do next. 

3.8 Higgs bundles on an elliptic curve 

We shall consider here the moduli space A4 of [/(l)-Higgs bundles on an elliptic curve S 
with modulus r = x + iy, y > 0. The moduli space of flat [/(l)-bundles is a flat torus, and 
then M. is just T 2 x R 2 with a flat metric, but we shall look at it from the point of view of 
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the previous section and then compare with what we know of the hyperholomorphic bundle 
in the flat case. Since the adjoint bundle is trivial in this case we consider the determinant 
line for the vector representation, i.e. we look first at a flat [/(l)-line bundle £ and the 
determinant line of the operator 8a '■ 0°(£) — > O 0,1 (£). 

The zeta-function determinant was calculated in [19J: for a non-trivial character given by 
A ^ e 27Tia , B ^ e 2nib for < a, b < 1 



-C(o) 



T)(t) 



2 _ c nia 2 (T-f) $( b ~ Ta i T )$( b ~ Ta > T ) 



\v(r)\ 
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The theta function $ here has the expansion 

oo 

0{z,t) = -2Q 1 / 4 sin(Trz) Y[ (1 - q 2m )(l - 2 cos(2^)g 2m + q 4n ' 

m=l 



where q = expirir. It is invariantly to be thought of as a section of the determinant line 
bundle - it vanishes where a = b = 0, where the holomorphic line bundle C is trivial and 
has a non-zero section, and is thus a multiple of the determinant section g(8a). It is only a 
function as expressed here when lifted to the universal covering of the torus. In differential- 
geometric notation, if du is the non-vanishing 1-form on S with periods 1,t and the flat 
connection is d + adu — adu for a € C then 2-7ri(6 — to) = (r — r)a = 2iya. 

When we complexify C'(0)j the variable b — ra and its conjugate become independent vari- 
ables z, z and then the expansion shows that 

- C'(0) = exp(vr(z - zf /2y) ^ ^ ~ f } (18) 



A solution to the Higgs bundle equations in the abelian case is given by a flat unitary 
connection d + adu — adu and a constant Higgs field $ = j3du. Together they define the 
flat C*-connection Va + + C~ 1( £ which is 

V = d + adu — adu + (,i3du + Q~ l (3du 

so for the V 0,1 -operator of this we get 2iriz = 2iri{b — ra) = 2iy(a + For the conjugate 
structure 2niz = 2iy(a — C _1 /3)- 

Consider now the interpretation of (|18p on the universal covering of the twistor space, 
which is just the flat twistor space C 2 (l). A Higgs bundle defines a real section, and using 
holomorphic coordinates (v,£, Q as in Example 13. 1\ this section is v = (a + C/3)y>£ = 
(/3 — Qa)y. Then with z = v/ir,z = — £,/(ir (|18p defines a local transition function for a 
holomorphic line bundle. The two theta function factors and the constant eta-function term 
are local trivializations of the determinant bundles L + , L_ and so the isomorphism between 
them is given by 

exp(7r(z - z) 2 /2y) = exp((t; + t/Q 2 /2Try). 
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As in Section 13.41 exp v 2 /2irv and exp £ 2 /£ 2 27ry are changes of local trivialization on the 
open sets U, V and with respect to these the isomorphism is defined by 

exp(?;£/7n/C)- 

This is essentially the usual flat space description of the line bundle Lz, the factor iry 
appearing in order to implement the integrality condition on the cohomology class. 

4 The Quaternionic Kahler manifold 

4.1 Quaternionic Kahler geometry 

A quaternionic Kahler manifold is a Riemannian manifold M 4k whose holonomy is contained 
in Sp(k) ■ Sp(l). A hyperkahler manifold has holonomy in Sp(k) C Sp(k) • Sp(l) but we 
usually distinguish between the two notions: the scalar curvature is a non-zero constant for 
quaternionic Kahler. The ±5j?(l)-factor defines a principal SO(3)-bundle S. This is the 
frame bundle for a bundle of quaternion algebras which act on the tangent bundle of M, 
or equivalently a rank 3 bundle of 2-forms u)\ , 002, which satisfy the algebraic relations of 
hyperkahler forms. 

There is a link between the two geometries. The connection on S and an orthonormal basis 
for so(3) define three 1-forms #1,6*2, #3 on S. The components K23 = d6\ — 62 A 6*3 etc. of 
the curvature of the connection are of the form K23 = cwi where c is essentially the scalar 
curvature. On the 4k + 4-manifold S x R + we have three closed 2-forms cpi = d(t6i). Now 
T{S x R + ) = H © V where H is the horizontal subbundle defined by 6{ = and dt = and 
restricted to this subspace we have ipi = tccoi. On V we have tpi = dt A 6% + t 2 02 A 63 etc. 
so together these define an Sp(k + restructure on the tangent space if c > and Sp(l, k) 
if c < 0. This is in fact hyperkahler and then S x R + is called the Swann bundle |23| or 
hyperkahler cone of the quaternionic Kahler manifold M. 

The quotient space S/SO(2) is the unit sphere bundle in the bundle of imaginary quater- 
nions and so is a bundle of complex structures on the tangent bundle of M. Using the 
connection, we have a splitting T{S / SO{2)) = H © V and, as in the hyperkahler case, we 
can introduce an almost complex structure (1^,1). This is integrable and defines the twistor 
space of M. 

We can see this via the Swann bundle: the SO (3) action on S rotates the complex structures 
I, J, K and so SO (2) C 50(3) fixes I, say. Then C* = 50(2) x R+ acts J-holomorphically 
on S x R + and the twistor space is the quotient. It is a complex manifold of dimension 
2k + 1 but has an extra structure: if X is the holomorphic vector field generated by the 
C*-action on S x R + , let X 1 - be the symplectic-orthogonal subbundle of the tangent bundle 
with respect to 0J2 + ^3. Then X^/X descends to the quotient as a rank 2k distribution 
which is a contact structure. 
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Recall that if L is the line bundle on the twistor space which is the quotient by this codimen- 
sion one distribution then an equivalent description is via a section a of T*(L) = T* ® L. 
For this to be a contact form we require a A (da) k to be everywhere non-vanishing which 
implies L k+1 = K* , which we write L = jf-VCH-l). 

Example: If M = HP fc then its twistor space is P(C 2fc+2 ) where C 2fc+2 has a non- 
degenerate skew form. Then 0{— 1)- L /C(— 1) defines the contact structure a which is a 
section of T*(2). 

As a complex manifold, the twistor space Z has the following features |2Uj : 

• a complex 2k + 1-manifold 

• a holomorphic section a of T* <g> such that a A (da) k ^ 

• a family of rational curves with normal bundle C 2fc (l) and on which a is nonzero 

• a real structure preserving this data. 

With this information we can reconstruct the quaternionic Kahler manifold M. 
4.2 The correspondence: twistor approach 

Let us return now to the result of Section 12.21 On the twistor space Z of a hyperkahler 
manifold with circle action we constructed a principal C*-bundle P and lifted the action. 
It is convenient to assume that the holomorphic vector field defined by the circle generates 
a C*-action and then, removing the fixed points, we let Z be the quotient. In fact one only 
needs a local holomorphic extension of the circle action to achieve this. We shall show that 
Z has a contact structure a invariant by the induced C*-action. 

Let p : P — >• Z be the quotient map by the action. Then since the tangent bundle along the 
fibres is trivial K P ^ p*K^. By the same token, K P ^ p*K z = 0(-2(k + 1)) and 

p*K^ 1/(k+1) ^p*0{2). (19) 

We shall continue the notation 0(2) since it is of degree 2 on each twistor line, but it is 
canonically determined on Z . A contact form a is then a section of T|(2). 

So if a is a contact form on Z, p*a should be a section of Tp(2), invariant by the C*-action 
generated by the vector field Y, and such that iyp*a = 0. This is what we shall define. 

In Proposition [5] we defined a meromorphic connection on Lz, so there is a meromorphic 
connection 1-form A on P, with simple poles at £ = 0, oo. This defines a holomorphic 
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section £A of Tp(2). It is invariant under the circle action, so to define a on Z we need to 
check that iyA = 0. Locally on P the connection form is 

A = dt- ^-(i Yu uJu ~ fud() 

and the lifted vector field Y = Y — fjjV where V is the vertical vector field given by the 
C*-principal bundle action. So iyA = —fy — iY u iY u ^u/K + fu = 0, and (A = p*a for a 
section of T|(2). 

We need to show that this has the nondegeneracy property of a contact structure. But 
QA A d((,A) k = ^ k+1 A A T k where J- is the curvature of the meromorphic connection, and 
we showed in Proposition [5] that this was nondegenerate restricted to the generic fibres of 
p : Z — > P 1 . Since the connection form A is non-zero on the fibres of P — > Z we see that 
a A (da) k is non-zero for £ ^ 0, oo. But it is a section of the trivial bundle on a twistor 
space and is therefore constant hence non-zero everywhere. 

We have thus shown that Z is a holomorphic contact manifold. The bundle P is trivial on 
the twistor lines of Z so they lift to P and project to Z to define the twistor lines there. 

4.3 The converse 

The reverse construction, from a quaternionic Kahler manifold with S^-action to a hy- 
perkahler manifold can be done in two ways. For the first, we observe how to invert the 
above twistorial construction. 

1. The section s of 0(2) on Z which vanishes on the divisor Dq + is invariant by the 
circle action and so we have a section s on Z vanishing on the divisor Dq + D^. Now 
consider £ as a meromorphic function on Z, with a zero on Dq and a pole on D^. Under 
the C*-action it transforms as £ i— > A£. Pulled back to P, this becomes a meromorphic 
section of the line bundle L over Z defined by P. Put another way, Dq — D^ is the divisor 
class of the line bundle L. This provides the key to the correspondence. 

So suppose M is a quaternionic Kahler manifold with a circle action. The action generates 
a holomorphic vector field W on its twistor space Z and then iwa is a section /i of 0(2). 
This is the twistorial version of the quaternionic Kahler moment map of [8]. The section 
vanishes at two points on a generic twistor line and we assume that the divisor consists of 
two components -Do an d D^, interchanged by the real structure. Let L be the line bundle, 
of degree zero on each twistor line, defined by the divisor Dq — Doo, and let p : P — > Z 
be the corresponding principal C*-bundle. Then on P, p*L is trivial and p*{Dq — D^) 
is the divisor of a meromorphic function £, in other words we have a holomorphic map 
P — > P 1 with C = 0, oo being the divisors p*Dq,p*D 00 . There is a lift of the action, giving 
a vector field W on P, such that the function ( is invariant and then the map descends to 
the quotient Z, and describes the fibration p : Z — > P 1 . 
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We need the section co of A 2 T F (2) on Z and this is obtained from differentiating p*a € Tp(2) 
in the fibre directions. Since iy/a = C and Ly/a, = 0, we have i^dp*a = —d£ and so along 
a fibre C = const., dp* a descends to the quotient Z as the required section uj. 

2. The second procedure, which can be implemented in both the differential-geometric and 
twistorial approaches, is to use the Swann bundle. The circle action on the quaternionic 
Kahler manifold M has a canonical lift to the hyperkahler Swann bundle and then the 
corresponding hyperkahler manifold M is the hyperkahler quotient. 

We proceed as follows, describing first the twistor space of the Swann bundle (see [21] 
for the original description). Let q : Q — > Z denote the principal C*-bundle for the line 
bundle 0(2) and consider the associated bundle Q Xc« C 2 \{0}/{±1} where the action 
of A g C* on C 2 \{0}/{±1} is induced from A • (z ,zi) h-> (X 1/2 z , A 1 / 2 ^). Then the 
homogeneous coordinates {zq,z\) define a projection to P 1 . Moreover q*a is a 1-form on 
Q whose derivative is a symplectic form (the canonical symplectic form on the bundle of 
contact elements). Adding dzQ A dz\ and taking the quotient by C* gives a section of 
A 2 T F (2), making it the twistor space of the hyperkahler structure on the Swann bundle. 

Now take the lifted action, which has a moment section of 0(2) defined by [i + zqZ\. The 
twistor space for the hyperkahler quotient is the zero set of this modulo the C*-action. 
On this subvariety we have the relation fi = —zqZ\ and so fi vanishes on two divisors 
given by zq = and z\ = 0. Since zq/zi is a meromorphic function the two divisors are 
linearly equivalent. The action (zq,zi) (->■ (vzq,v~ 1 zi) expresses [x + zqZ\ = as a principal 
C*-bundle over Z and so we have recovered the first description. 

Remark: The two divisors Z?o,-Doo in the twistor space Z of the quaternionic Kahler 
manifold define sections of Z — » M, interchanged by the real structure. These can be 
interpreted as complex structures ±7 on M. These are examples of manifolds with a 
torsion-free connection with holonomy in SL(k,H) ■ U(l). When k = 1 this group is £7(2) 
and the structure is that of a scalar-flat Kahler metric but in higher dimensions it is a 
non-metric geometry. This seems to have been little studied apart from |16| where they are 
called quaternionic complex manifolds. Whether this structure or the quaternionic Kahler 
one is more important globally in the correspondence studied here is a question we leave 
till another time. 

4.4 An example 

We shall consider only a single example of a hyperkahler manifold with a circle action - 
the case where M is the Eguchi-Hanson metric on T*S 2 . This is the cotangent bundle case 
with the natural action on the fibres. The induced metric on the zero section is 50(3)- 
invariant and hence a multiple of the standard metric on S 2 : the metric is thus a case of the 
hyperkahler extension of Feix. On the other hand, the metric appears also as a hyperkahler 
quotient of flat space by a circle action, and the twistor space has a description as the 



32 



quotient of an open set in 

{(v, € V(l) © V*(l) -> P 1 : (v, = C}- (20) 

where V is a 2-dimensional vector space, by the action (v,£) i- )• (Aw, A £). Since this 
commutes with the t/(2)-action on V, the corresponding hyperholomorphic line bundle 
must be £/(2)-invariant. There is up to a multiple only one invariant 2-form on S 2 , so 
by the uniqueness of the hyperholomorphic extension this line bundle obtained through a 
quotient is also the one constructed here. Thus (|20p with the C*-action is the holomorphic 
principal bundle P for Eguchi-Hanson. 

Consider the lift (v, £, £) i— > (fu, z/£, z^ 2 C) of the geometrical action on M. Then the equation 
{ v iQ = C determines £ in terms of v £ V and (eP. The quotient is therefore an open 
set in P 3 = P(V © V*) which is the twistor space of S 4 . The quaternionic Kahler metric 
on M is then the standard metric on the sphere. 

Strictly speaking, the quaternionic Kahler transform is the complement of a circle in S 
because we have to remove fixed points of the circle action on the hyperkahler side. We can 
also see this on the quaternionic Kahler side: the moment section of 0(2) in P(V © V*) is 
defined by (v, £). This vanishes on a quadric, isomorphic to P 1 x P 1 which is connected, but 
removing RP 1 C P 1 in the second factor produces two components - our divisors Do^D^ 
- and each of these has the conformally flat scalar-flat Kahler metric which is the product 
of constant curvature metrics on H 2 x S 2 

There is a choice involved in lifting the geometric action on the twistor space - any two 
lifts differ by a power of the principal bundle action. A different choice of lifting is given 
by (u,£jC) l— ► (v n+1 v,v 1 ~ n !; 1 v 2 Q. The quaternion Kahler manifolds produced here were 
considered by Haydys [10] who in turn relates them to quotient constructions of Galicki and 
Lawson [9]. 
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